SATURATION CLASSES FOR A SEQUENCE OF
CONVOLUTION OPERATORS WITH LIMITED
OSCILLATION

BY
Z. DITZIAN

ABSTRACT

Saturation classes for the sequence K, (f,x) = J' f(x — t)dp, (r) of linear oper-
ators where K,, (f, x) is of the limited oscillation type, that is, , (#) is monotonic
for 1 ¢ [— Aa,, Ad,), 6, = 0(1), n— ©, and o2™ = frz'" du, (1), are ob-
tained. Examples of applications to some sequences of non-positive operators
are given.

1. Introduction

A sequence of linear operators K,(f, x) from a Banach space E to itself is an
approximation process if “ K,(f,)—f() HE = o(1) for all f € E. An approximation
process K, (f, x) is called saturated with saturation (Favard) class # if for fe E

O(x,) if and only if fe &
(L. I K..(f,')~f(')lla={

o(x,) if and only if fe R,
where %, is a trivial subspace of # (generally either the zero space or a finite-
dimensional space). The class of operators we shall treat will be the convolution
operators

(1.2) K(f,x) = f £x = Ddut)

with domain (— o, ©) or (— n,n) where, in the latter case, we assume f to be
2n periodic.
Saturation classes for many operators of type (1.2) are known, such as [1],
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[3], [7], and [8]. Most of the applications to the above are for the case in which
1, is monotonic. Recently G. Freud and I investigated the rate of approximation
for fe C where monotonity of yu,(f) was replaced by limiting the interval in which
the trend is changed to (— Ao, Ag,) where o, = o(1). (Refer to [4].) It is the goal
of this paper to find the saturation class for such operators and to give some
applications that are not covered by known theorems.

For the proof of the saturation result we use distributions and weak limits,
first used by H. Buchwalter [2] and then by many others for proving various
saturation results. (Consult [1] and [7] for references.)

2. The saturation result

The main result of the paper is the following theorem.

THEOREM 2.1. Suppose:

(i)  K(f,x) = [f(x — Odu(t) where the integral is (— o, ) or (— m,7) in
which case f(x) and p(t) are 2n periodic;

(ii) J'[d,u,,(t)l < M, M independent of n;

(iii) [rdpt) = wor* + o), n—> 0, 1 S i 52k T Jau| #0, fdu () =
1+ o(¢2*) and o, = o(1), n -+ ©;

(@) f|t]**Pdu(t) = o(a*) for some B > 0;

(v) (1) is either increasing or decreasing for |t| > Ac, for some A in-
dependent of n.

Then, for E = L, 1 s p<oorCy,feE,

Q.0 | Kfo) = f()| = 0(62), n> o0 if and only if fe R < E
and
2.2) || K,(f,") —f(-)” = o(62*), n > oo if and only if fe R
and
3 (- 1) ‘;‘—jfm(x) = P(D)f = DP(D)f = 0 where
=1 .

P(D)feL, ifE=L,1<p<oo
(2.3) R = P(D)feL,, IfE=C,
P,(D)feBV ifE =L,.
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REMARK 2.2. The conclusion of Theorem 2.1 remains true if (iii) and (iv) are
replaced by the weaker assumptions:

(iii)’ For some 71> 0, i<, t'dult) = 00,4 o(2"), for n— o0, 1 < i 5 2k,
L o] #£0,and [du () = 1+ o(c?*).

(iv)’ For > 0 of condition (i)’ and some B> 0, <, |t]|**?du.(t) = o(a2*)
and j|l|<ndﬂn(t) = 0(03").

With these conditions, the proof is similar but longer. As an example for k = 1
that (iii)’ and (iv)’ are satisfied but not (iii) and (iv), we have the following:

Y -3 1-3
K,.(f,x)=f [nK(v)(l—n ), K ]f(t)dt

1+n’|x—t|’ 1+n"|x—-t|"

where y>3,2< B <3, 6>37% and K(a) is given by

o [l

Another (more primitive) example is K (f,x) =4f(x+1/n) +3f(x — 1/n)
+ (1/n®)f(x + n). Since the examples above are somewhat artificial, the applicable
conditions seem to be those stated in Theorem 2.1.

REMARK 2.3. In general P(D)f = 0, fe E implies f = 0 except in the case of
2r periodic functions and the domain (— =, ), in which case solutions as sin 2lnx
and cos 2Inx are possible.

REMARK 2.4. For a sequence of positive operators our theorem is as follows.

COROLLARY 2.4. Let u, (1) be monotonic,

f dit) = 1 + o(a?), f tdp(§) = 407 + o(ad), [ Pdut) = o2

and f|t|2+”dun(t)=o(a,f), then for E=L, 1<p<o or E=C,
nK,,(f,')—f(-)nE=O(Jf)ifandonlyiffe.%c:E,where
'~ f'el, fE=L,l<p<w
.@: fn_alfleLw 'fE=C0
f'—(!leBV l:fE=Ll.

This corollary is partially known though not precisely under the present

conditions.
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3. Proof of the main result
For the proof of Theorem 2.1 we need the following main lemma.

LemMA 3.1. Suppose conditions (i)~(v) of Theorem 2.1 are satisfied and let
K*(,x) = [y(x + )dpu,(0), then for E* = L,, 1 < p < 0, or E* = BV we have
for € D (where @ is a Schwartz space of test functions)

(3.1)

2k

o MKW = () = T LyO0)| =o),  n-w.
i=1 . e

PrOOF. Recalling that [du,(f) = 1 + o(c2*), n - o, we have

o ot + vt - v ] - = w00

s

2| fl BRUCEDE Y] - é‘kl 0|

Ee*

wor [ et o - eotdu] | +om]ue)

= I,(n) + I,(n) + I5(n).

Since Y€ D, |Y(-)|e < 0, Iy(n) = o(1), n—>oo. Also for |t|>n, p1) is
monotonic and therefore for any fixed »,

1L

E* s
n2k+e

I, = 0, 22| ¥(9)

E*

[ amo] = o2vey

[, o

[e1>

= o(1).

We shall estimate I, now using Taylor’s formula.

2k i 2k
Los o T 0o - £ Sov0e)

ltjsni=1

+o, ,UI |s {2?)_!—8("‘, Ndu ()| = F1m) + Fan).

..

To estimate £ ,(n), we write

sz 10O
=1

i!

a,,'"f fdu (1) — o ( .
I

t|<n

Since

1
, f t'du,(1) ‘ < mf [t *2dp,(t) = o(a3®),
[¢]>n n [t]>n

we have
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f (i) = f Fdun(t) + o(0?) = %02 + o(a?¥)
It|Sn

and therefore #,(n) = o(1) n - 0. We estimate #,(n), and choose > 0 separa-
tely for various E*. For E*¥ = L _(— 0, o) it is enough to choose # > 0 such that
|e(x,1)| < & for || < # and all x, which implies

o,—2k

i = o || et nano |

U;Zkf 2k|
(2K Ji s 4.
o2k

2k 2k
2k' A o, eM +8(2k)‘

[ o] s
Aon<|t| =y

we have #,(n) £ M,¢, where M, is independent of e.

For E* = L,, 1 < p < , we recall that if the support of  is in [ — B, B],
&x,t) = 0 for x¢[ — B—2n,B + 24] and te[ — n,n]. Therefore, dividing the
interval |t| <nto lt] < Ao, and Ao, < [tl < n as before, we have

|0_"—2k £,|<q(2;)'8(x t)dy, = [LB—:”{—Z;_TZ):—!LHSMS"()C t)tzkd“n(t)‘} ]‘/p

|
B+2n 0-2k " LA RY4
+ — e(x, )|t du,,t} ]
[L 2 { o LJ“MSJ (x, 0| 0]

AP+ M,)(2B + 4n) '7?

IA

j 12| e(x, )| - dua(1)
Ao, <|t|<p

f 2% (1) ] .
Aon<|t|<n

J 12*du,(1) I < M, o2,
As,<|t|

Since

S @

For E* = BV we recall that the support of &(x, 1) is [ — 4 — 25, A + 2] and that,
since ¥ € Z, we have

’k ti 2k d

'l’(x'*"t)'—‘p(x) i '//(‘+l)( )+ (2k)' dt e(x,t).

Therefore for n small enough (d/dx)e(x, t)l < ¢ for |t| =<n and any x. We
now have

G U.Mf megn Jow 00

O,-Zk ‘* . d ]
< - —e(x, du,
< 5o [j-mgh..t el ;)I | dp(1)|
2k d
- < Le.
fJ;an<|r|§qt | dint)] |dx e t)l < Le
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ProorF oF THEOREM 2.1  We shall show first that fe # implies
| Ku(f) =1() |z = 0(o") and = o(a}")

in the case P(D)f = 0. For y € %, using Lemma 3.1, we have for E = L,, 1 < p,
<, and E = C:

(},fz—k[K,.(f,-)—ﬂ ) = (f(-L;LK:(w,-) -v)

BB L FCNP= D + o) | £ |z = PO U + o) | ]

ForL,1 < p < oo, we recall that y € Zisdensein L, 1 < g < o0, and therefore
the result is immediate. For E = C we use & dense in L, and write

| Kl ) =) e £ | Kalfi) = FC) oo S 02| D)) |
For E = L, we interpret (P(D)f(*),y(*)> = [Y(x)d[P,(D)f(x)]and therefore

¢ SRl ) =SOMHO| = | [oma@ s | + ot s}
=< ” ¥ ”c ' ” P,(D)f(+) ”BV s ” ¥() ”Loo : ” P(D)f(+) ”BV-
Since K, (f, x) — f(x) is continuous {when P,(D)fe BV),

sup (K, (f,%) = f(x), 6(x)> = e CKilfs ) = f(%), 9(x)D,
cs

el Lo =1 4

and since 2 is dense in C,, we have
| croy g
[z K0 = s =M.

Now we shall prove that fe & is necessary for

| Klfs ) =) |z = 0625 n— 0.

We recall that for 1 < p < o, L, ~ L, q !+ p~' = 1, and that the closed unit
sphere of the dual of a Banach space is weak* compact. Therefore for E = L,
l<p<ow,orE=C,cL,, there exists {n;} and geL,, 1 < p < w0, such that

(3.3) lim a,;z"[K,,l.(f, x) — f()(x)dx = fg(x)lp(x) dx for all YyeL,

and in particular for all y € . Combining (3.2) and (3.3), we obtain [g(x)y(x)dx
= [f(x)P(—D}(x)dx or, in the distribution sense, P(D)f(x)=g(x) in 2', which
means that an equivalent to f(x) (in the L, sense) has 2k — 1 derivatives so that
P,(D)f is absolutely continuous locally and P(D)feL,.
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To prove our theorem for E = L,, we recall that fe L, implies ¢(u) = 4 f(x)dx
where the integral exists and ¢(u) € NBV, and moreover ” ¢ |[ v = || f " ,- Recalling
that NBV = C§ and using the compactness of the closed unit sphere in a dual
of a Banach space in the weak* sense, we have

i—w

(3.4) tim [ 7 (K, ()~ fO W = [ wodgo
for Y(x) e C,, in particular for € %. Following the above, g(x) = P,(D)fe BV.
Obviously now if |] K, (f,x)—f(x) ] = o(o7 %), we have P(D)f = 0.

As a corollary of the proof, we can derive a local version of Theorem 2.1.

COROLLARY 3.2. If assumptions (i)«(v) of Theorem 2.1 are satisfied, then for
JeE

O(c?*) if and only if fe %[a, b]

(-9 | Kl ) = 1) | ey = {
o(62*) if and only if P(D)f = 0 fora<x <b

where E(c,d) is Lc,d) for 1 £ p < o or BC[c,d] for all (c,d) such that

[c,d] < [a,b]
rP(D)fG Lp(a,ﬂ) ifE = L,

Ala,b] = iP(D)fGLm(a,ﬂ) fE=C
P,(D)feBV(x,B)if E=L, fora<a<f<b.
The proof follows that of Theorem 2.1 using, instead of the space &, the space
%(a, b), that is, the C*® functions with compact support in (a, b).
4. Application of combinations to é functions

Let 0<y<!l (1 —=pf(x —(y/n) + yf(x + (1 —y)/n) approximates f(x), and
the saturation theorem is given as the following corollary of Theorem 2.1.

THEOREM 4.1. For feE,E =L, 1< p <o, or E = C,, we have
1 —
@n Ja-nr (- =L)war(- +52)-r00 ] = 0w
if and only if fe R where P(D)f(x) = f"(x).

S. Application to inversion of convolution transforms

Saturation classes for inversion of convolution transforms of variation-
diminishing kernels were determined by the author in [3]. That saturation result
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as well as others that have a non-positive kernel will be derived as corollaries of
Theorem 2.1.
Recall [6]
(5.1 E.(s) = e Im a- s Ja)el®, m=0,1,--
k=m+1

where b,, and a, are real Xa; * < oo,

(5.2) G.(1) = 7:!7 _i::’[E,,,(s)]'l e"ds, m=0,1,-,
(5.3) f(x) = wa(x ~ 0 f(t)dt where G(t) = Gy(t)
and )

(5.4) P (D)F(x) = on G.(x — ) f(t)ds.

For 6} = X7, a;2 b, = ack + o(c2)and E = L, 1 < p < o or C,, we have
(5.5) | PADIF(-) = f(*)||e = O(s?) if and only if fe 2
where P(D)f(x) = f"(x) — af'(x). This result was achieved in [3], though here
the local analog also follows.

A combination of P,(D)f(x) for different m may yield a higher rate of con-
vergence and different saturation classes. However, these results depend on the
particular sequence of {a,}. The results below can be followed by results for many
transforms: for instance, examples (A4), --- (H), but not (I), given by Hirschman
and Widder [6], to the real inversion formulas of the type discussed above.

First we recall [5, p. 278] for G,(f) given by (5.2) we have

(5.6) f mt”'G,,,(t)dt < K(n)o?".

®

We recall also [6, p. 94] that G,(t) — aG,,,(t) has at most two changes of sign.

For X2 ..1a:°% = o(62) m > w0, G,(t) — aG,,. (1) has exactly two changes of
sign for |t| < Ao, where A depends only on a, which follows the asymptotic
estimate [6, p. 140]. Therefore, for a combination Zf:" 1 BiGn(t) = H,(1), for
which 32,8, =1 and X2 ,.,,a;3 = o(a2), we only have to show, in order to
use Theorem 2.1, that [f'H,(t)dt = a,62** % + o(62t*?) for 1 i< 2k +1. We
can choose b,, =0 or o, = 0. Straightforward calculation yields for wug(m)
= J.tiGm(t)d', pa(m) = Zpy ac % ma(m) =2 ZX .4y a;> and pu(m)
= 3(Lkm+1 ak—z)z +6 Ximiy ag *.
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In [6, examples (A) through (H)], H,,(f) can be calculated for P(D) = T, ,a;,Di,
(P(D) of Theorem 2.1). For instance, in example A, a, = k, H,(f) = 2G2,,,(t)
— G,(t). We can write

w0 1 4]
ftZH,,,(t)dt = 2u,2m)—p(m)=2 ¥ - Z L
k=2m+1 K?  k=ms1 K
1 2 1 1
=2 Z —_— Y ——+2 2 —_—
k=2m+1 K(k + 1) k=m+1 Kk+1) k=2m+1 KAk +1)
— > 1

k=m+1 KXk+1)

S Lo (L)
T 2m+1 m4+1 QCm+1)? 2 (m+1)? m3).

11 )
= ot o(
Similarly
—1 1 1
3 —
Jt H,(H)dt = -5 5> + O(ms)
s = . 1_._ L)_—9.L '1)
fth(t)dt- . 23m2+0(m3‘ == m2+0(-ﬁ.

As a corollary we have the following.

CoROLLARY 5.1. Let feE (L,, 1 £ p < o0, or Cy) and let F(x) be defined by
(5.3), (5.2), and (5.1) where b,, = 0 and a, = k, then

|2P2n(D)F(x) — P(D)F(x) — f(x)| = 0( ) if and only if fe &
where R is defined in Theorem 2.1 and P(D) = D* (3 — 1D — (9/2)D?).

6. Application to combinations of De la Vallée Poussin operators

The De la Vallée Poussin operator is defined (see, for example, Butzer and
Nessel [1, p. 448], where the saturation result is also given) by

61 V(%) =a :If(t)cosz =t q, = 1_?—72%?)
Define
(6.2) VEO(f ;%) = 2Vano o3 %) = Voo y(f 5 %)

The oscillation of the kernel of ¥, is limited to |t| <K, * for some k
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following [4, Sect. 5]. Also V{¥(1,x) = 1, V&(1,0) = V&(3,0) = 0 and for
any k

ViP(2,0) = 2V, (t5,0) = V,_1(%,0)

/

- 8V2,,_1(sin22t—,0) _ 4V,,_1(sin2 zi,o) to (712_) _ o(

) et 1 1 1
VY14, 0) = 16V ’(sm 2—,0) + O(n—") = 24—2+o(—2 .

COROLLARY 6.1. For E = L, or E = Cy[ — m, 7],
Vi) =11 = O(5) i and only if fe & where PO () = £

Similarly for V3(f,x)=(8/3)Vap— (£, X) — 2Vau_ (/. X) + 3V, 4(f, %), VE(1,0)
= V33,00 = V5,00 =0 and V(13,0) = o(1/(n%); but in thise case
VO 0) = 1 +o0 l) and V3(15,0) = « 1 +o0 i)
n d 4 p3 n2 n ’ 6,3 n3,

and both «, and a4 are different from zero. Therefore,

1 VS, = )]

b = 0 (%) if and only if fe #[a, b]

and
1./ (x) + 26/ 7 (5) = 0 tor xefa,b].

REFERENCES

1. P. L. Butzer and R. J. Nessel, Fourier Analysis and Approximation, Birkhiuser Verlag,
1971.

2. H. Buchwalter, Saturation et distributions, C. R. Acad. Acad. Sci. Paris 250 (1960),
2562-3564.

3. Z. Ditzian, Saturation class for irversion of convolution transforms, Proc. of the con-
ference On Constructive Function Theory, Budapest, 1969.

4. Z.Ditzian and G. Freud, Linear approximating processes with limites oscillation (to appear).

5. Z. Ditzian and A. Jakimovski, Inversion jump formulae for variation diminishing transforms,
Annali di Math, 81 (1969), 261-318.

6. 1. I. Hirschman and D. V. Widder, The Convolution Transform, Princeton Univ. Press,
1955,

7. M. Kozima and G. 1. Surnouchi, On the approximation by a general singular integral,
Tohoku Math, J. 20, (1968), 146-169.

8. H.S. Shapiro, Smoothing and Approximation of Functions, Van Nostrand, 1969,

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ALBERTA
EDMONTON, ALBERTA, CANADA



