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ABSTRACT 

Saturation classes for the sequence K n (f, x ) --- f f (x  -- t) dl~n (t ) of linear oper- 
ators where K n (f, x) is of the limited oscillation type, that is,/t, (t) is monotonic 

2m = f t2m dltn (t). are oh- for t ~ [-- Atrn, Aan], a n = o(1), n---~ o0, and a n 
tained. Examples of applications to some sequences of non-positive operators 
are given. 

1. Introduction 

A sequence of linear operators K.(f,  x) from a Banach space E to itself is an 

approximation process if 11 K . ( f , "  ) - f ( "  )lie = o(1) for a l l f~  E. An approximation 

process K . ( f ,  x )  is called saturated with saturation (Favard) class ~ if f o r f ~  E 

(1.1) {I K,(f ,  .) - - f ( . ) I I~  ---- ~" 

O(~.) if and only i f f s ~  

L o(X.) if and only i f f E  ~o  

where ~o  is a trivial subspace of ~ (generally either the zero space or a finite- 

dimensional space). The class of operators we shall treat will be the convolution 

operators 

(1.2) K.( f ,x )  = J y(x - t)dltn(t) 

with domain ( -  co, oo) or ( -  ~, ~) where, in the latter case, we assume f to be 

2~ periodic. 

Saturation classes for many operators of type (1.2) are known, such as [1], 

Received March 25, 1973 and in revised form June 18, 1973 

315 



316 Z. DITZIAN Israel J. Math., 

[3"], [7], and ['8-]. Most of the applications to the above are for the case in which 

/t. is monotonic. Recently G. Freud and I investigated the rate of approximation 

for f E  C where monotonity of/~.(t) was replaced by limiting the interval in which 

the trend is changed to ( -  Aa., Aa.) where a. = o(1). (Refer to I4].) It is the goal 

of  this paper to find the saturation class for such operators and to give some 

applications that are not covered by known theorems. 

For the proof of the saturation result we use distributions and weak limits, 

first used by H. Buchwalter [2] and then by many others for proving various 

saturation results. (Consult [ l l  and [7] for references.) 

2. The saturation result 

The main result of the paper is the following theorem. 

THEO~M 2.1. Suppose: 

(i) K.(f ,  x) = Sf(x - t)dll.(t) where the integral is ( -  ~ ,  co) or ( -  n, ~z) in 

which case f (x )  and ll.(t) are 2~ periodic; 

(ii) .fldp.(t) [ < M, M independent of n; 

(iii) St'dll.(t) 2k O(a2k), n ~ 1 < i < 2k. ~=1 - -  + + ,  I ,1 +,0. Sd .(t) - -  

1 + o(cr2, k) and a. = o(1), n ~ oo; 

(iv) Si t ing+adj . ( t )  = oO~.~)for  some  ~ > 0; 

(v) I~.(t) is either increasing or decreasing for I tl > a~.  for some A in- 

dependent of n. 

Then, for E = Lt,, 1 ~ p < go or Co, f E E, 

(2.1) 

and 

(2.2) 

and 

II K.( f ,  ") - f ("  ) II = n go if and only if f ~ ~ c E 

II K.<T,. ) - f ( .  ) II = O(a2"k) ' n --* go if and only if f e ~t 

2k 

]~ ( -  1) ~T. f(')(x) ~ P(D)f  = DPI(D)f = 0 where 

(2.3) 

( P(D)f  e Lp, if  E = Lp, 1 < p < go 

~t = P(D)f E L| if  E = Co 

P~(D)fEBV i f E  = Lt. 
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REMARK 2.2. The conclusion of Theorem 2.1 remains true if (iii) and (iv) are 

replaced by the weaker assumptions: 

(iii)' For some t />  0, j'lq<~t~dp,(t) = ctitr2k+ o(tr2k), for n --* ~ ,  1 < i < 2k, 

~2k x] ct, [ r 0, and ~dl~.(t) = 1 + O(a2.k). 

(iv)' For r /> 0 of condition (iii)' and some fl > 0, J'l,I ":, I t 12k+ad#.(t) = ~ 

and J'l,l':, dl~.(t) = o(a~,~). 

With these conditions, the proof is similar but longer. As an example for k = 1 

that (iii)' and (iv)' are satisfied but not (iii) and (iv), we have the following: 

] 
t~ + n'l x - ~ ~ ~ ~ _  ,i s Js(t)d, 

where ), > 3, 2 < fl < 3, 6 > 3 -p, and K(~t) is given by 

[;L ]' 
K(~)  = 1 + [ t 1" 

Another (more primitive) example is K.(f ,x)  = � 89  + l / n )  + � 8 9  1/n) 

+ (1/n3)f(x + n). Since the examples above are somewhat artificial, the applicable 

conditions seem to be those stated in Theorem 2.1. 

REMARK 2.3. In general P ( D ) f  = O, f e  E implies f = 0 except in the case of 

2n periodic functions and the domain ( -  r~, n), in which case solutions as sin 21nx 

and cos 2 lnx  are possible. 

REMARK 2.4. For a sequence of positive operators our theorem is as follows. 

COROLLARY 2.4. Let I~.(t) be monotonic ,  

f f r dp. ( t )  = l + o(a2.), tdl.t.(t) = oqtr z + o(a2), t2dlan(t) = a.  

a n d  fltl2+adt~.(t) = o ( ~ ) ,  then f o r  E = Lp, I ~_ p < oo 

II Kn( f ,"  ) - f ( "  ) lie = O(a~) i f  and  on ly  i f  f ~ ~l = E, where  

or E = Co 

This corollary 

conditi ons. 

= t 
' f "  -- c t l f '  ~ L p i f  E = Lp, l < p < o3 

f "  - ~ l f '  e L ~  i f  E =  C O 

. f '  - c q f  E B V  i f  E = L 1. 

is partially known though not precisely under the present 
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3. Proof of the main result 

For the proof of Theorem 2.1 we need the following main lemma. 

LEMM;, 3.1. Suppose conditions (i)-(v) of  Theorem 2.1 are satisfied and let 

K*(~k,x) = f~b(x + t)dl&(t), then for  E* = Lp, l < p < o% or E* = BV  we have 

for  ~J e ~ (where ~ is a Schwartz space of  test functions) 

2k 
(3~) Z .~-~C,~(i'(')l =o(1) ,  n ~ o o .  

t=t f I E* 

PROOF. Recalling that fdp,( t)  = 1 + o(a~k), n ~ oo, we have 

IlO'~'2h[ f ~l(x + t)d/.tn(t) - ~l(X)] -- i~__kl ~I. ~I(i)(X) [IE" 

< , tl_~ {~b(x + t ) -  ~b(x)}d#,(t) - t=12 -~.v ~ - ) 

fl {0(x + t) - ~J(x)}dp,(t) e. + o(1)[I ~/(')11. 

n--* oo. Also for I tl > n, ~,,(t) is 

1 12= 0"~'2k2111~(") liE* I fld>~ d/'tn(t) [ = O'n-Zk2111,k(')lie, ~-~'k-+~ fl,.>! t 12k`ad//n(t) } 
= o(1). 

itl~n (2k)[ 

To estimate J~(n) .  we write 

II r Jl(n)  -<_ 
1=1 i! 

We shall estimate lz now using Taylor's formula. 

2k i 2k 

d l t l ~  = i = 1  �9 

- - e ( x , t ) d l a . ( t ) l l E . =  J z ( n )  + f 2(n) �9 

l a~ 2k f ltl ~_ : 'dlt ,(  t) - ~ l �9 

Since 

pf i f  t'dl&(t) I < ~l 2k+#-' ,l>~ - i,t>Jt]2~+Pd..(t) = o(~'), 

we have 

- -  Ii(n) + I2(n) + I3(n). 

Since ~ , e ~ ,  II ( )llE.<oo, , :n)--  o(1), 
monotonic and therefore for any fixed r/, 
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ldl~.(t ) = tidp.(t) + o(a 2k) = oha ~ + 
Itl_~ 

and therefore J l ( n )  = o(1) n -* oo. We estimate r E ( n ) ,  and choose r />  0 separa- 

tely for various E*. For  E* = L |  oo, oo) it is enough to choose r / >  0 such that 

I (x,t)l for Itl < r/and all x, which implies 

tr~ 2k ;tl ~ff2ke(x, t)dp.( t) 
: 2 ( n )  = ( 2 k ) !  _ 

f an2k f t 2k e(x, t)]" dlt.(t)I =< (2k)! a ;2k  tl~A..t2kle(x't)] [d/~.(t)[ + ( ~ - !  aA~,.<t<~ 

< O'n-2k--2k 2k - -  t2kdlln(t) . 
= 2 k !  dr:l" an e/v~ "-]- • (-~)~. O'n<ltl <t/ 

Since 

I f  t2'd#n(t) I ~ If  t2kd/~n(t) ____< Mlo  -2i, 
aao.<lq=<q dA.r.< Itl 

we have J 2 ( n )  < M2e, where M2 is independent of  e. 

For  E* = Lp, 1 < p < 0% we recall that if the support  of  ~O is in [ -  B,B] ,  

e(x, t) = 0 for x r [ - B - 2r/, B + 2r/] and t �9 [ - r/, q]. Therefore,  dividing the 

interval It[ <r/to Itl-< and A G < Itl =<r/as before, we have 

10"--2k r t2k r fB+2~// ~-2k ] f g(x,t)t2kdldn(t)l}p]l/p 
I " JIq<=~(~) !s(x't)dlt"(t) , , - - / J . - ~  t-(zk~T-, l.j ,,.~.,~. 

i f  B+2,7{ a - , .  [ ],(x,t)]t2,dl,.(t)}.],,. + 
LdB-2t/ 2k] a,l . .<ltl~, 

~ A  2k +M1)(2B + 4r/) lip 
(2k)! ' - -  

For  E* = BV we recall that the support  of  e(x, t) is [ -  A - 2q, A + 2r/] and that, 

since r e ~ ,  we have 

2k i t 2k d 
t "+~ x ~x, t ) .  ~,'(x + t) - r = E -7 / -~  ( ) + 

i=1 z. (2k)! dt 

Therefore  for  r/ small enough (d/dx)~(x,t)[< e for I t ] <  t/ and any x, We 

now have 

(7 n-  2k II.v 
-- (2k)! �9 ,I_~A~,, 

f / ~  d c x  "at- t2k] dttn(t) l -dx { ' t) <-_ L~. 



320 Z. D I T Z I A N  Israel J. Math. ,  

PROOF OF TnmREM 2.1 We shall show first that f ~ R  implies 

11 g.(f, .)  - f( . ) l l~ = o(4b  and = o(a 2k) 

in the case P(D)f = 0. For ~ b ~ ,  using Lemma 3.1, we have for E = Lp, 1 < p. 

< o %  and E = C :  

1 K* - )] : 

! 

(3.2) = <s(.), e ( -  o)o> + o(1) tl s 11~ -- <P(z,)s(.), ~(.)> + o(1) ttsll,. 
For  Lp 1 < p < 0% we recall that 0 ~ ~ is dense in L~, 1 < q < 0% and therefore 

the result is immediate. For  E = C we use ~ dense in L1 and write 

II K, ( f , . )  - f ( . ) l ie  ~ II g.(s, ") - f ( ' ) I1 ,~ S ~.~11 P(~ II,-. 
For  E = L, we interpret (P(D)f(.), ~ ( . ) )  = fO(x)d[Pl(D)f(x)] and therefore 

< I +(.,>1 = I ! + o(,)Ilmll O" u 

----!1 Ol lc II P,(O)s()l l , ,  , --< II o ( ' ) l l ~  II Pl(D)s() II,v. 
Since K,,(f, x) - f(x) is continuous (when PI(D)S~ BV), 

sup (K.(f, x) - f ( x ) ,  $(x))  = sup (K.(f, x) - f ( x ) ,  dp(x)), 
114'IIL~ _~ 1 I I r  l 

and since ~ is dense in Co, we have 

Now we shall prove that f e ~  is necessary for 

I IK , ( f , . ) -J ( . ) l l~  = o ( 4 b  n-~oo. 

We recall that for 1 < p _< oo, Lp _~ L*, q-~ + p-~ = 1, and that the closed unit 

sphere of the dual of a Banach space is weak* compact. Therefore for E = Lp, 

1 < p < 0% or E = Co = L~o, there exists {ni} and 9 ~ Lp, 1 < p < 0% such that 

(3.3) lim (tr~2k[K,,(f,x)-f(x)]$(x)dx = f 9(x)$(x)dx for all 
i-.+ o~ 3 d 

and in particular for all ~ ~ ~ .  Combining (3.2) and (3.3), we obtain fa(x)~(x)dx 
=ff(x)P(-D)~(x)dx or, in the distribution sense, P(D)f(x)=#(x) in ~ ' ,  which 

means that an equivalent to f(x) (in the Lp sense) has 2k - 1 derivatives so that 

Pl(D)f is absolutely continuous locally and P(D)f~ L r 
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To prove our theorem for E = Ll, we recall t h a t f e  L l implies ~(u) = S~f(x)dx 

where the integral exists and ~b(u) e NBV, and moreover II It.v = IIfIIL,. Recalling 

that NBV = C~ and using the compactness of the closed unit sphere in a dual 

of a Banach space in the weak* sense, we have 

(3.4) ,-.| fa~,'k[K.,(f,x)-f(x)]q,(x)dx = .I~(x)da(x) 
for ~O(x)e Co, in particular for ~, e ~ .  Following the above, 9(x) = Pl(D)fe BV. 

Obviously now if I] K , ( f , x ) - f ( x ) l l  = o(~;2k), we have P(D)f= O. 

As a corollary of the proof, we can derive a local version of Theorem 2.1. 

COROLLARY 3.2. I f  assumptions (i)-(v) of Theorem 2.1 are satisfied, then for 

f e E  

~ O(tr 2k) if and only if f e  ~[a, b] 

(3.5) [I K,(f ,  -) - / ( ) l l ~ o . , )  -- t-o(~. ~)  if and only if P(D)f = O for a < x < b 

where E(e,d) is Lp(c,d) for 1 ~ p <  ~ or BC[c,d] for all (c,d) such that 

['c, d] = [a, b] 

(" P(D)f e Lp(~, fl) if E = Lp 

~e[a, b] = ~ P(O)f  e L~(~, fl) if E = C 
t 

! 
kPl(D)feBV(~t, fl) i fE  = L1 for a <ct < f l < b .  

The proof follows that of Theorem 2.1 using, instead of the space -~, the space 

~(a,  b), that is, the C Oo functions with compact support in (a, b). 

4. Application of combinations to 6 functions 

Let 0 < I, < 1 (1 - ?)f(x - ('t/n) + yf(x  + (1 - v)/n) approximates f(x),  and 

the saturation theorem is given as the following corollary of Theorem 2.1. 

THEOREM 4.1. For f E E ,  E =  Lp, l ~ p < oo, o r E =  Co, we have 

 41, I . - . , :  

if and only if f e  ~ where P(D)f(x) = ]'"(x). 

5. Application to inversion of convolution transforms 

Saturation classes for inversion of convolution transforms of variation- 

diminishing kernels were determined by the author in [3]. That saturation result 
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as well as others that have a non-positive kernel will be derived as corollaries of 

Theorem 2.1. 

Recall [6] 

(5.1) E,.(s) = e b"s F[ (1 - s/ak)e ~/*~, 
k = m + l  

where b,. and a k are real ]~a k 2 < ~ ,  

(5.2) C , , . ( t ) -  1 E, . (s)]_l  e.,tds, 
2hi l 

m = 0,1, . . .  

m = 0,1, . . . ,  

r~~ t ) f ( t )d t  where G ( t ) =  Go(t) 
.1- ~o 

(5.3) f ( x )  = 

and 

f?. (5.4) Pm(D)F(x) = (x - t ) f ( t )d t .  

For am2 = ~,,~o+ 1 ak- 2 b,, = cttr 2 + o(a 2) and E = Lp 1 < p < oo or Co, we have 

(5.5) [[ P,,(D)F(- ) - f ( . )  [[ ~ = O(tr 2) if and only if f ~ 

where e ( D ) f ( x )  = f " ( x )  - a f t ( x ) .  This result was achieved in 1-3], though here 

the local analog also follows. 

A combination of Pm(D) f (x )  for different m may yield a higher rate of con- 

vergence and different saturation classes. However, these results depend on the 

particular sequence of {ak}. The results below can be followed by results for many 

transforms: for instance, examples (A), ... (H), but not (I), given by Hirschman 

and Widder [6], to the real inversion formulas of the type discussed above. 

First we recall [5, p. 278] for G,,(t) given by (5.2) we have 

f_~t2nGm(t)dt (5.6) ~_ K(n)t72,. ". 

We recall also [6, p. 94] that G.,(t) - aG,.+,(t) has at most two changes of sign. 

For ]~'=,.+ 1 ak  3 = O(aa) m --* oo, G,.(t) - aGt,~+,(t) has exactly two changes of  

sign for I t] < Aam, where A depends only on a, which follows the asymptotic 

estimate [6, p. 140]. Therefore, for a combination ]~j~l pjG,.j(t) = H,.(t),  for 

which Z2k I/3 t = 1 and Eke,.+1 a ;  3 = o(a~), we only have to show, in order to 
2 k + 2  / 2 k + 2 x  use Theorem 2.1, that f t lHm(t)dt = r m + ottr,. ) for 1 _< i < 2k + 1. We 

can choose bm = 0 or ct I = O. Straightforward calculation yields for pi(m) 

- y t i G , . ( t ) d t ,  ~2(m) = Y~k~=m+l ak  z, /~a (m)=2  Ek~-_m+ 1 a i  3 and /~4(m) 

= 3 ( Z k ~ 1 7 6  a k 2 )  2 n t- 6 Ek~m+ x ak  4. 
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= ]~r = 2a~ D , In [6, examples (A) through (H)], Hr,(t) can be calculated for P(D) 4 i 

(P(D) of Theorem 2.1). For instance, in example A, a k = k, Hz( t )  = 2G2z(t) 

-G,,(t). We can write 

f 1 1 t2H,,(t)dt = 2/~2(2m) - #2(m) = 2 ~ k2 k-- 7 
J k = 2 m + l  k = m + l  

= 2  ~ 1 ~ 1 + 2  ~ 1 
k=2m+l k(k  + 1) k=m+l k(k  + 1) k=2m+l k2( k +1) 

k = m + l  k2(k + 1) 

2 1 1 1 1 / \  
2m + 1 m + 1 + ( 2 r e + l )  z 2 ( r e + l )  ~ + 0  

- 4  ~ - + 0  �9 

Similarly 

f t3Hm(t)dt _ - 1  1 1 2 m Y + 0(~5-) ,  and 

f 1 -~2 ( 5 )  - 9 1  (m~)  t4Hm(t)dt = 2 . 3  ~m 2 - 2" 3 + 0 = - ~ -  " m--- Y + 0 . 

As a corollary we have the following. 

COROLL~n.Y 5.1. Let  f ~ E  (Lp, 1 < p < 0% or Co) and let F(x)  be defined by 

(5.3), (5.2), and (5.1) where b,, = 0 and a, = k, then 

- p.(.)f(x)-f(x)II = o ( 1 ) .  if and only iff~ II 2P2,,(D)F(x) 

where ~ is defined in Theorem 2.1 and P(D) = D 2 (�88 �89 (9/2)D2). 

6. Application to combinations of De la Vall~e Poussin operators 

The De la Vall~e Poussin operator is defined (see, for example, Butzer and 

Nessel [I, p. 448], where the saturation result is also given) by 

.S? V,,(f ; x) = ~ (t) cos 2 t - x 2" 4 . . . . .  2n 
_ - - - f - - d t ,  =, = 1.-~.7._.(2--n_1). (6.1) 

Define 

(6.2) V.(2)(f; x) = 2Vz,_l(f ;  x) - V._j(f ;  x). 

The oscillation of the kernel of V. (2) is limited to It[ < K. -~ for some k 
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following [4, Sect. 5]. Also V~Z)(1,x)= 1, V~2)(t ,0)= l/n(3)(t3,0)= 0 and for 

any k 

vc.~)(t2.0) = 2v~n-l (d ,0)-  V~-~(t2,0) 

= 8Vzn_l(sin z ,0 -4V,,_I sin 2 t ~ , 0  + o  = o  

V ~ 2 ' ( t 4 , 0 )  = 16V,~2'(sin4 ~-,0) + O (nl--g-) = 2 n4~2 + o(nI ) .  

COROLLARY 6.1. For E = Lv or E = C o l -  re, re], 

II v:2'(f, ") -/ l ie-- iSand only i S f 6 ~  where P ( D ) f ( x )  = f t4)(x) .  

Similarly for V~3)(f,x)=(813)Va._~(f,x) - 2V2._l(f,x) + ~V._~(f,x), V~3)(t, 0) 
= V(3)( t3 ,0)= Vn(3)(ts,0) = 0  and V~3)(t2,0)=o(ll(n3)); but in thise case 

V}3)(t4, 0) = ~4 ~ + o and v,~a)(t6,0) = e6h ~ + o 

and both e~ and ea are different f rom zero. Therefore, 

V}3'(f," ) - f ( ' ) ] lE t , .~ l  = o  ( ~ ) i f  and only i f f e  11 N[a,b] 

and 
:qf('*) (x) + r~6f(6) (X) = 0 ][or X �9 In ,  b] .  
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